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Future-complete null hypersurfaces, interior
gluings, and the Trautman-Bondi mass
Lydia Bieri and Piotr T. Chrus´ciel
Abstract. We present the argument that the past limit of the Trautman-
Bondi mass is the ADMmass under weak hypotheses on the decay of the
metric towards spatial infinity, without any smallness conditions on the
initial data, assuming well defined energy, momentum, center of mass
and angular moment. Part of the proof consists of a careful inspection of
the proof of stability of Minkowski space-time, which is sketched. This is
complemented by an interior gluing result for asymptotically flat initial
data with well defined Poincare´ charges, which is proved in detail.
1. Introduction
There exist two key notions of total energy in general relativity: the
Arnowitt-Deser-Misner (ADM) one, calculated on spheres which recede to
infinity in spacelike directions, and the Trautman-Bondi (TB) one, calcu-
lated on spheres which recede to infinity in null directions. It is thus natural
to analyze the relation between those energies.
In fact, this issue has already been addressed under a specific set of
conditions in [1]. However, it is still not known how large is the set of space-
times which satisfy the hypotheses set forth in that work. Since there has
been meanwhile a lot of progress in the understanding of the problems at
hand, it is of interest to return to the question, taking into account the new
perspectives.
Clearly, a prerequisite to studying the relation between the ADM and
the TB masses is a collection of space-times where one can recede to infinity
both in null and spacelike directions. To make things precise, consider a
space-time (M , 4g) evolving out of initial data (S , g,K) which are asymp-
totically flat at large distances in the asymptotic regions, so that the ADM
four-momentum of (S , g,K) can be defined. In order to capture the notion
of a family of hypersurfaces which behave as the retarded time coordinate
u = t− r in Minkowski space-time we proceed as follows: Suppose that M
contains a foliation by null hypersurfaces N (u) parameterised by a parame-
ter u ∈ (−∞, u0), for some u0 ≤ +∞. Assume that the hypersurfaces N (u)
intersect the asymptotically flat region of S in spheres which, to leading
2000 Mathematics Subject Classification. Primary 83C05.
Preprint UWThPh-2016-24.
1
2 LYDIA BIERI AND PIOTR T. CHRUS´CIEL
order, are coordinate spheres in manifestly asymptotically Euclidean coordi-
nates on S , and which recede to infinity on S as u tends to minus infinity.
Assume that the family of spheres so obtained foliates the asymptotic region
of S , with the future-directed tangents to the generators of N (u) pointing
outwards on S . Suppose finally that all generators of each N (u) are com-
plete to the future. Such a family of null hypersurfaces will be referred to
as a retarded foliation near i0. Assuming moreover that each hypersurface
has a well defined TB mass m(u) (cf. Section 3.3 below), the questions then
are
• does the limit limu→−∞m(u) exist? and, if so,(1.1)
• is it equal to the ADM mass?(1.2)
One can view null hypersurfaces as being obtained from spacelike ones
by an infinite boost. The existence of retarded foliations near i0 can then
be thought of as an infinite boost theorem. We will prove such a theorem
below. However, to avoid confusion with the already existing terminology
associated with the Aichelburg-Sexl metrics, we will not use the infinite
boost terminology in our context.
We further note that we do make any claims on the regularity of the
conformally rescaled metric on the “piece of I ”, the existence of which can
be inferred from our construction.
While the finite boost theorem has been proved a long time ago [13],
the existence of future-complete null hypersurfaces has only been settled so
far for weak gravitational fields, or for restricted classes of initial data, or
both [6, 7, 12, 29, 32]. For instance, within the class of space-times evolving
out of asymptotically flat initial data, such foliations exist
(1) (obviously, by uniqueness of solutions in domains of dependence)
for initial data which are stationary at large distances, or
(2) for small initial data with optimal asymptotic conditions [7] or,
(3) without smallness restrictions, for CMC initial data which asymp-
tote to Schwarzschildean data to high order [29];
see Section 2 below for a more detailed discussion. Optimality in point 2 is
understood with respect to the possibility of defining the ADM mass.
In point 1. the TB mass m(u) equals the ADM mass for all large neg-
ative u, so the answer to both questions (1.1)-(1.2) is immediate. These
questions in case 2., in which the asymptotic conditions on the data are
the weakest possible compatible with well-defined and finite energy momen-
tum, are open. (In Section 7 below we propose a continuity strategy which
could settle this.) Both questions (1.1)-(1.2) have been answered positively
in case 3. in [29], but the decay conditions imposed on the initial data there
are much stronger than desirable.
In this work we sketch the proof of an affirmative answer to (1.1)-(1.2) for
asymptotically flat data with optimal pointwise-weighted decay conditions
on the initial data, without any smallness conditions assuming, however,
a parity condition which guarantees well defined total energy, momentum,
center of mass and angular momentum. Some elements of the proof are given
in detail. The parity condition will be removed in [18]. This, together with
the results in [4], results in a statement which is optimal in weighted Ho¨lder
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spaces, in the sense that all relevant Ho¨lder decay exponents are allowed. It
is, however, only “almost optimal” in terms of weighted Sobolev space decay:
Indeed, the definition of ADM mass requires metrics in Sobolev spaces with
a decay exponent in an interval [1/2, 1], and our Sobolev-space hypotheses
exclude the borderline case 1/2. We plan to return to the missing borderline
Sobolev case in the future.
Some comments on the proof are in order. As already pointed out, the
first step is to establish existence of the retarded foliation N (u). There is
a standard way of reducing this problem to a small-data existence result by
scaling down, see the proof of Theorem 6.1 below. One can then imagine
adapting the existing global existence arguments to prove directly global
existence for small data in domains of dependence, but this does not appear
to be straightforward within the scheme of proof of [7], which is the only one
so far under optimal conditions. Here we take a different route, by showing
that scaled-down exterior regions can be filled-in by initial data with small
energy while preserving the vacuum constraint equations. This is done by
a gluing argument which is relatively standard for initial data with well
defined energy-momentum, center of mass, and angular momentum. This is
the contents of Theorem 6.1 below. All proofs are given in detail so far. In
Section 8 we outline the proof that the leaves N (u) have a well defined TB
mass, and that the Trautman-Bondi mass loss holds.
2. Stability theorems
In this section we review some results concerning vacuum stability of
Minkowski space-time, as needed for our purposes below.
We start with the following definition, from [7] (see Appendix A for
notation):
Definition 2.1. An asymptotically Euclidean initial data set (R3, g,K)
is said to be an AFB initial data set if there exists a coordinate system
(x1, x2, x3) outside of a ball such that
gij = δij +OH3(r
− 1
2 ) ,(2.1)
Kij = OH2(r
− 3
2 )(2.2)
(see Appendix A for notations).
Set
Q(a, x(0)) = a
−1
∫
R30
( |K|2 + (a2 + d20)|∇K|2(2.3)
+(a2 + d20)
2 |∇2K|2
+(a2 + d20)|Ric|2 + (a2 + d20)2|∇Ric|2
)
dµg ,
where a is a positive number related to the scale-covariance of the problem
at hand, ∇ℓ denotes the tensor of ℓ-th covariant derivatives, and d0 denotes
the distance function from a chosen origin x(0).
Let infx(0),aQ(x(0), a) denote the infimum over all choices of origin x(0)
and all a of the quantity defined by (2.3).
A succinct version of the main result of [7] can be formulated as follows:
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Theorem 2.2. There exists ǫ > 0 such that for all smooth vacuum AFB
initial data sets satisfying
(2.4) inf
x(0),a
Q(x(0), a) < ǫ
the associated maximal globally hyperbolic vacuum development is geodesi-
cally complete, with the metric asymptotically approaching the Minkowski
metric in all directions, and contains a retarded foliation near i0 N (u),
u ∈ R.
The above can be compared to the result of D. Christodoulou and S.
Klainerman [12], who consider the following class of initial data sets:
Definition 2.3. An initial data set (R3, g,K) is called strongly asymp-
totically Euclidean if there exists a coordinate system (x1, x2, x3) defined
outside a compact set such that
gij = (1 +
2m
r
) δij +OH4(r
− 3
2 ) ,(2.5)
Kij = OH3(r
− 5
2 ) .(2.6)
In order to state their global smallness assumption, for b ∈ R+ Christodoulou
and Klainerman introduce the quantity
QCK(x(0), b) = sup
R3
(
b−2(d20 + b
2)3|Ric|2)(2.7)
+b−3
∫
R3
( 3∑
l=0
(d20 + b
2)l+1|∇lK|2 +
1∑
l=0
(d20 + b
2)l+3|∇lB|2
)
,
where the Bach tensor B is the following symmetric, traceless 2-tensor field:
Bij = ǫj
kℓ∇k(Riℓ − R
4
giℓ) .
Christodoulou and Klainerman show that there exists ǫ > 0 such that the
conclusions of Theorem 2.2 hold for all vacuum initial data sets on R3 with
trgK = 0 satisfying
(2.8) inf
x(0)∈R3,b≥0
QCK(x(0), b) < ǫ .
Under these stronger conditions, they show that the Hawking mass of a
specific family of spheres has a limit when receding to infinity along the
level sets of an outgoing null coordinate u. They call this limit the Bondi
mass, though it should be said that the possibility of performing, under their
hypotheses, the construction needed to define the mass a` la Bondi et al. is
not clear.1 They settle in the affirmative question (1.1) for their definition
of mass, but they do not prove that the past limit of their mass coincides
with the ADM mass. See Section 7 for a further discussion.
The Christodoulou-Klainerman proof has been generalised to include
Maxwell fields in [38, 39].
1It follows e.g. from our discussion in Section 3.3 that this limit will coincide with
the Trautman-Bondi mass if the construction of Bondi coordinates (compare Section 3.2)
can be carried out.
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Under the same restrictions on the fall-off on the initial data on a maxi-
mal slice but without any smallness conditions, Klainerman and Nicolo` [29]
prove that the maximal globally hyperbolic development of the initial data
contains a retarded foliation near i0. In other words, the “future-complete
null hypersurfaces theorem” holds under their hypotheses. They also settle
in the affirmative questions (1.1)-(1.2) in their setting.
In [32] global existence is proved for small perturbations of Minkowskian
initial data of the form
gij = (1 +
2m
r
) δij +OH7(r
−α) ,(2.9)
Kij = OH6(r
−1−α) ,(2.10)
with some α > 1, using completely different methods. Those authors also
allow a coupling to a massless scalar field. Here the smallness criterion
is a weighted Sobolev norm as in (2.9)-(2.10). Their argument has been
generalised to include Maxwell fields and to all higher dimensions in [33],
compare [10]. Improved asymptotic estimates in the wave-coordinates set-
ting of [32] have been established in [31]. These estimates allow one to
answer positively (1.1)-(1.2) in the Lindblad-Rodnianski setting [30].
3. The mess with the mass
Many authors use the term “Bondi mass” to denote rather distinct mass-
like quantities defined in the radiation regime. This is very confusing, as
more often than not it is not clear whether the object considered can be
directly related to the mass as defined by Bondi et al. The aim of this section
is to make a clear distinction between three notions of masses: the Trautman
mass, the Bondi mass, and the mass of null hypersurfaces. While all three
definitions give the same number whenever all three can be simultaneously
defined, the prerequisites for each of the definitions are completely different.
From this point of view the Bondi mass, as originally defined, appears to be
the least general, since its existence implies the existence of the other ones.
3.1. The Trautman mass. In 1958 Trautman [36, 37] considers met-
rics satisfying
gµν − ηµν = O(r−1) , ∂σgµν = Nµνkσ +O(r−2) ,(3.1)
(Nµν − 12ηαβNαβηµν)ηνρkρ = O(r−2) ,(3.2)
with some tensor Nµν , where ηαβ is the Minkowski metric and kµ is a null
vector field which will be assumed here to asymptote to
(3.3) kµdx
µ →r→∞ dt− dr .
Equations (3.1) and (3.3) are motivated by the behaviour of solutions of
wave equations at large retarded times [36], while (3.2) is a precise version
of the “asymptotically harmonic coordinates” condition.
Given a two-surface S one sets2
H(X,S) =
1
2
∫
S
U
αβdSαβ ,(3.4)
2See [36] for the original motivation of the definition. A Hamiltonian analysis leading
to (3.4)-(3.6) can be found in [23], compare [14].
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where is any Killing vector of the Minkowski metric η. Here dSαβ is defined
as ∂
∂xα
y
∂
∂xβ
y dx0 ∧ · · · ∧ dxn, with y denoting contraction, and Uαβ is given
by
U
νλ := UνλβX
β +
1
8π
∆α[νXλ];α ,(3.5)
U
νλ
β :=
2|det ηµν |
16π
√|det gρσ |gβγ(e2gγ[νgλ]κ);κ ,(3.6)
where a semicolon denotes covariant differentiation with respect to the Minkowski
metric η, while
e :=
√
|det gρσ|√
|det ηµν |
, ∆αν := e gαν − ηαν .(3.7)
Let St,r denote a surface of constant t and r and let u = t+ f(~x) satisfy
∂µu = kµ. Trautman argues that the limit
3
(3.8) pTµ (u) := lim
r→∞
H(∂µ, Su+f(~x),r)
exists, and satisfies the Trautman mass-loss formula
pTγ (u2)− pTγ (u1) =
1
4π
∫ u2
u=u1
∫
S2
ηαρηβσNρσ(Nαβ(3.9)
−1
2
ηµνNµνηαβ)kγ du sin(θ) dθ dϕ ,
where the integrand is non-negative by (3.2).
We will refer to pTµ as the Trautman four-momentum, and to p
T
0 as the
Trautman mass.
Let TR,u denote the timelike cylinder
(3.10) TR,u = {|~x| = R, 0 ≤ t ≤ u+ f(~x)} ,
where we have assumed that u is a null coordinate of the form u = t− f(~x).
The divergence identity on TR,u gives
H(∂µ, Su+f,R)−H(∂µ, S0,R) =
∫
T (R,u)
∂αU
αβdSβ .(3.11)
It is well known that the limit, as r tends to infinity, of the integrals
H(∂µ, St,r) at fixed t is the ADM four-momentum pµ under the decay con-
ditions (2.1)-(2.2) on the initial data. Passing to the limit R→∞ we find
(3.12) pTµ (u)− pµ = lim
R→∞
∫
T (R,u)
∂αU
αβdSβ .
We conclude that:
3Strictly speaking, Trautman does not say explicitly that the limit in (3.3) should be
taken at fixed u, but this is suggested by the discussion in the accompanying paper [37].
Further, he only notes that the potentially divergent terms in the integrand cancel out,
without justifying the existence of the limit. The latter is clear if one assumes that Nµν
is of the form fµν(u, θ, ϕ)/r for some continuous functions fµν , as again suggested by the
context in [36, 37]. We also note that the term containing derivatives of X in (3.5) does
not appear in [36] since only translations are considered there.
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Proposition 3.1. The past limit limu→−∞ p
T
µ (u) of the Trautman four-
momentum equals the ADM four-momentum if and only if
(3.13) lim
u→−∞
(
lim
R→∞
∫
T (R,u)
∂αU
αβdSβ
)
= 0 .
3.2. The Trautman-Bondi mass. The definition of mass introduced
in 1962 in [8, 34] requires existence of a coordinate system in which the
metric takes the form
(3.14) g = g00du
2 − 2e2βdr du− 2r2UAdxAdu+ r2 hABdxAdxB︸ ︷︷ ︸
=:h
,
where the determinant of hAB is r-independent. The authors of [8, 34] fur-
ther require the fields g00, UA, β and hAB to have full asymptotic expansions
in terms of inverse powers of r, with
hAB = h˚AB +O(r
−1) , β = O(r−2) , UA = O(r
−2) ,(3.15)
guu = −1 + 2µB(u, x
A)
r
+O(r−2) .(3.16)
The function µB is called the Bondi mass-aspect function.
Under the conditions spelled-out above, one can introduce “asymptoti-
cally Minkowskian” coordinates xµ by setting
(3.17) t = u+ r , x = r sin(θ) cos(ϕ) , y = r sin(θ) sin(ϕ) , z = r cos(θ) .
Here θ and ϕ are coordinates on S2 in which
h˚ABdx
AdxB = dθ2 + sin2(θ)dϕ2 .
A calculation shows that the asymptotic conditions (3.1)-(3.3) are satisfied,
and that the Trautman mass pT0 defined in (3.8) equals the right-hand side
of the formula
(3.18) mTB(u) :=
1
4π
∫
S2
µB(u, θ, ϕ) sin(θ) dθ dϕ ,
first proposed in [8, 34]. From this point of view, Trautman’s definition is
thus more general that of Bondi et al, and precedes the latter. We will refer
to mTB as the Trautman-Bondi mass.
Existence of coordinates (3.14)-(3.16) in asymptotically vacuum space-
times admitting smooth conformal completions has been established in [35]
when Λ = 0, and in [24] for polyhomogeneous I ’s; this is easily generalised
to Λ ∈ R, see [22].
3.3. The mass of characteristic hypersurfaces. Now, one does not
expect to have expansions in powers of r−1 in general physically relevant
vacuum space-times to sufficiently high order to be able to carry out the
construction needed for the definition of the Bondi mass; in particular, no
such expansions are expected in general small-data spacetimes of [7, 12, 29,
32] discussed in Section 2. An alternative construction of a mass-type object
can be carried-out when considering null hypersurfaces, without the need to
introduce Bondi coordinates and high-order expansions. Since the resulting
mass coincides with the Trautman-Bondi mass in situations where Bondi’s
construction can be carried out as well, it has become standard to retain
the name of Trautman-Bondi mass in this context.
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Consider, then, a null hypersurface N . Near N we can introduce a
coordinate system (x0 ≡ u, x1 ≡ r, xA) so that N = {u = 0}, r is a coordi-
nate parameterising the null geodesics threading N , and xA are coordinates
parameterising those geodesics. Putting an overbar to denote restriction of
a field to N , the spacetime metric at u = 0 takes the form
(3.19) g := g|x0=0 ≡ g00(dx0)2+2g01dx0dx1+2g0Adx0dxA+ gABdxAdxB .
Let us denote by θ+ the divergence of the generators of N ,
(3.20) θ+ :=
1
2
gAB∂rgAB .
Now, each section
Sρ := {r = ρ} ⊂ N
of N defines, at least locally, two null hypersurfaces normal to N ±ρ , one
of them being N , say N = N +ρ . These hypersurfaces are obtained by
shooting null geodesics in null directions orthogonal to Sρ. Let ℓ
− denote a
field of null tangents to N −ρ , we can normalise ℓ
− by requiring that
g(∂r, ℓ
−) = −2 .
We will denote by θ− the divergence of N −ρ with respect to this normalisa-
tion.
Suppose that Nu is one of the level sets of the Bondi coordinate u as
described at the beginning of Section 3.2. One then has the expansions4
(3.21) θ± = ±2
r
+
θ±2 (x
A)
r2
+ o(r−2) ,
for some functions θ±2 on S
2. It has been shown in [25] that
(3.22) mTB =
1
4π
∫
S2
(θ+ + θ−) sin(θ) dθ dϕ.
As explained in [25], the advantage of (3.22) as opposed to (3.18), is that
θ± can be defined purely in terms of the characteristic initial data on N ,
without imposing any coordinate conditions away from N . Furthermore,
the coordinate r does not have to be a Bondi radial coordinate, because the
integrand of (3.22) is invariant under redefinitions of r which preserve the
asymptotic behaviour of the intrinsic tensor field gABdx
AdxB [25].
For those reasons it appears natural to view the right-hand side of (3.22)
as a natural definition of the mass of characteristic hypersurfaces extending
to infinity in asymptotically Minkowskian space-times.
It follows immediately from the asymptotic expansions (3.21), together
with5 √
detgAB = r
2
√
det˚hAB
(
1− τ2r−1 +O(r−2)
)
,(3.23)
that
(3.24)
1
4π
∫
S2
(θ+ + θ−) sin(θ) dθ dϕ = lim
r→∞
mH(Sr) .
4See, e.g., [25]. In that reference θ+ is denoted by τ , and θ− by ζ.
5We are grateful to Tim Paetz for pointing this out.
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Here mH is the Hawking mass of the spheres of constant r within N :
(3.25) mH(Sr) =
√
Area(Sr)
16π
(
1 +
1
16π
∫
Sr
θ+θ− dµg
)
,
with dµg =
√
det gAB d
2x being the measure induced by g on Sr. Thus,
the mass of characteristic hypersurfaces extending to I + is the limit of the
Hawking masses of suitable coordinate spheres within the hypersurface.
3.4. A summary. Our discussion so far can be summarised as follows:
(1) Historically, the first definition of mass at null infinity has been
given by Trautman, who also proved its monotonicity [36].
(2) Trautman’s definition applies to situations more general than the
one considered by Bondi et al., and reduces to the Bondi definition
when Bondi coordinates exist.
(3) The Hawking mass of suitable spheres has a limit, when receding
to infinity along outgoing null hypersurfaces, in all the settings
where it has been analysed so far: the Christodoulou-Klainerman
proof [12] and its generalisation by Bieri [7] the Klainerman-Nicolo`
analysis [29], and the characteristic initial-data approach of [25].
The limit, which will be referred to as the Trautman-Bondi mass,
coincides with the Bondi mass whenever Bondi coordinates exist as
well.
(4) The existence of Bondi coordinates has only been established under
very restrictive hypotheses so far: for initial data stationary out-
side of a compact set, or for the conformally-smooth hyperboloidal
or characteristic Cauchy problem, or assuming a smooth or poly-
homogeneous I .
(5) The notion of the mass at null infinity within the framework of
Lindblad-Rodnianski [32] remains to be clarified.
4. “Poincare´ charges”
In this section we review the conditions which need to be satisfied to
be able to define the total energy-momentum, angular momentum and the
center of mass of asymptotically Euclidean initial data sets.
Let α ∈ R+, ℓ ∈ N, ℓ ≥ 1. We shall say that (g,K) on the exterior E
of a ball in R3 constitutes an C−αℓ -asymptotically Euclidean end provided
there are coordinates in which, for all multi-indices |γ| ≤ ℓ, |β| ≤ ℓ− 1,
(4.1) |∂γ(gij − δij)(~x)| = O(|~x|−|γ|−α), |∂βKij(~x)| = O(|~x|−|β|−1−α),
where ∂ denotes the partial derivative operator. Note that the index ℓ refers
to the differentiability class of the metric, with K being a priori only (ℓ−1)-
times differentiable. Throughout the rest of this work we require ℓ ≥ 3,
compare Remark 5.7 below. We say that (M,g,K) is C−αℓ -asymptotically
Euclidean (AE) if M is the union of a compact set and a finite number of
ends, all of which are C−αℓ -asymptotically Euclidean.
An obvious analogue of the above are the definitions ofW−αℓ,q -asymptotically
Euclidean manifolds and ends, where one requires that in each end we have
(4.2) g − δ ∈W−αℓ,q and K ∈W−α−1ℓ−1,q .
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As pointed out in [15], every C−αℓ -asymptotically Euclidean end with
α > 1/2 possesses a well-defined finite energy-momentum vector (p0, ~p) when
the dominant energy condition | ~J | ≤ ρ holds with ρ ∈ L1. This remains true
for W−αℓ,q -asymptotically Euclidean ends with α ≥ 1/2 and qℓ > 3.
Further conditions have to be imposed on the initial data to guarantee
convergence of the integrals defining the centre of mass and total angular
momentum. One possible such condition is a parity requirement (cf. [20,
Proposition E.1]), that there exists α− > 0 satisfying
(4.3) α+ α− > 2
such that we have∣∣gij(~x)− gij(−~x)∣∣+ (1 + r)∣∣∂k(gij(~x)− gij(−~x))∣∣ = O(|~x|−α−) ,(4.4) ∣∣Kij(~x) +Kij(−~x)∣∣ = O(|~x|−1−α−) .(4.5)
This requirement is in the spirit of, but weaker than the Regge-Teitelboim
conditions for a well-defined angular-momentum and center of mass, which
are (4.5) with α = 1 and α− = 2.
The parity conditions above are satisfied by the initial data sets of
Christodoulou-Klainerman, Klainerman-Nicolo` and Lindblad-Rodnianski dis-
cussed in Section 2; they are not necessarily so by the AFB initial data of [7].
Compare [16] for further classes of initial data sets with a well defined
angular momentum.
5. Interior gluing
The aim of this section is to show how to fill-in vacuum initial data sets
defined in an exterior region to initial data on R3. This will be done so that
small exterior data will have a small interior filling.
It is shown in [18] how to carry out such a construction for initial data
with a well-defined total energy-momentum vector. Here we give a sim-
pler proof of existence of fillings satisfying (2.4) under the supplementary
hypothesis of a well defined center of mass and total angular momentum.
Let
Q := (p0, ~p,~c, ~J )
be the “Poincare´ charge” of suitably asymptotically Euclidean initial data,
as discussed in Section 4. Here p0 is the total ADM energy, ~p the total ADM
momentum, ~c the center of mass and ~J the total ADM angular-momentum.
As a first step, we show that every Q can be realised by an initial data set
(S , gQ,KQ) with well controlled asymptotics, and such that the norms of
(gQ,KQ) relevant for global existence theorems tend to zero when Q tends
to zero in a way compatible with scaling-down a vacuum initial data set
with well defined Q.
We note that our definition of ~c and ~J differs from that in [28], in that
their (~c, ~J) equals our (~c, ~J) divided by p0. This only introduces trivial nota-
tional changes in the arguments below (affecting e.g. the scaling behaviour
of ~c and ~J).
We have:
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Proposition 5.1. (1) For any Poincare´ charge Q with timelike
vector (p0, ~p) there exists a smooth vacuum initial data set (R
3, g,K)
satisfying the Regge-Teitelboim parity conditions (4.5) with α = 1,
α− = 2, and realizing Q.
(2) Let 0 < η < 1 and let
(5.1) θ ⊂ R10 be a compact set
of charges Q ≡ (p0, ~p,~c, ~J) ≡ (p,~c, ~J) such that for all Q ∈ θ we
have |~p| ≤ ηp0, where |~p| is the Euclidean norm of ~p. Consider a
one-parameter family of Poincare´ charges of the form
(5.2) Q(ǫ) = ǫ
(
pˆ(ǫ), ǫ~ˆc(ǫ), ǫ
~ˆ
J(ǫ)
)
, (pˆ(ǫ), ~ˆc(ǫ),
~ˆ
J(ǫ)
) ∈ θ ,
with ǫ belonging to a neighborhood of zero in R. Then for each
Poincare´ charge Q(ǫ) as in (5.2) there exists an initial data set
(R3, g(ǫ),K(ǫ)) satisfying the parity conditions (4.5) with α = 1,
α− = 2 and realizing Q(ǫ) so that the norm C
−1
k+1⊕C−2k of (g(ǫ),K(ǫ))
tends to zero as ǫ goes to zero for any k ∈ N.
Remark 5.2. For the initial data of point 2 the infimum infx(0),aQ(x(0), a)
of (2.3) over all choices of origin x(0) and all a tends to zero as ǫ goes to
zero. 
Remark 5.3. One can use [28, Lemma 5.2] and [19] to arrange the above
data sets to coincide with e.g. Kerr outside of a sufficiently large compact
set, but this is irrelevant for our purposes. 
Proof. 1. The result is the contents of [28, Corollary 5.3], we give our
version of its proof as a warm-up to the proof of part 2. Let g be any smooth
metric on S3 with strictly positive scalar curvature which is not conformally
flat. While this is not necessary, for definiteness we also require that the
metric be the standard unit round sphere on some open subset of S3. Let
ϕ be the Green function of the operator ∆ − R/8, where R is the scalar
curvature of g. Again for definiteness, we take the singularity to be located
at an interior point of the region where the metric is round. Then φ4g is a
smooth AE manifold with zero scalar curvature.
We will refer to the metric induced on the usual static slices of the
Schwarzschild space-time as the space-Schwarzschild metric. By [26] we
can deform φ4g to a zero-scalar-curvature metric gˆ which coincides with
the space-Schwarzschild metric outside of a compact set. The metric gˆ has
strictly positive energy p0 by the positive mass theorem.
Let (M , 4g) be the maximal globally hyperbolic vacuum development of
(R3, gˆ,K) with K ≡ 0. Then the metric 4g coincides with the Schwarzschild
metric in the domain of dependence of the region where gˆ is the space
Schwarzschild metric. In particular (M , 4g) contains AE spacelike hyper-
surfaces with arbitrary timelike four-momentum pµ, with (p0)
2− |~p|2 = m2,
obtained by asymptotically performing an active Lorentz boost to the ini-
tial data surface. The initial data on the boosted slices will satisfy the
original Regge-Teitelboim parity conditions, with α = 1 and α− = 2, see
Appendix B.
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Let λ > 0, then the metric λ2gˆ is AE and has mass mλ. To see this, let
(xi) be a global coordinate system in which gˆ takes the form
gˆ = gˆij(~x)dx
idxj =
((
1 +
2m
|~x|
)
δij +O(1/|~x|2)
)
dxidxj .
In rescaled coordinates ~y = λ~x we have
λ2gˆ = gˆij(λ
−1~y)d(λxi)d(λxj) =
((
1 +
2λm
|~y|
)
δij + λ
2O(1/|~y|2)
)
dyidyj ,
as desired. As λ varies over R+, the collection of maximal globally hyperbolic
developments of the associated time-symmetric initial data sets contains
boosted slices with any timelike energy-momentum vector.
By [28, Theorem 3], each of the above initial data sets can be deformed to
a new initial data set with the same energy-momentum vector pµ, arbitrary
angular-momentum, and arbitrary center of mass.
2: We start by noting that, in view of point 1, it suffices to construct
the desired initial data sets for sufficiently small ǫ.
Let ε > 0, and let g(ε) be a smooth family of smooth metrics on S3 which
coincides with the unit round metric, say g0, on an open neighborhood of the
south pole of S3, with g(ε) tending to g0 as ε approaches zero in C
∞(S3).
We further assume that all the metrics g(ε) are symmetric with respect to
reflection of (S3, g0) across the north pole (by this we mean the map which
to a point lying a distance 0 ≤ s ≤ π from the north pole on a g0-geodesic
starting at the north pole with tangent ℓ assigns the point lying the distance
s on the geodesic starting at the north pole with tangent −ℓ), and none of
them is conformally flat; the existence of many such families of metrics
follows from [3]. Conformally rescaling by a Green function ϕ(ε) with the
singularity at the south pole as in the proof of point 1, we obtain a family
ϕ4(ε)g(ε) of AE metrics on R3 which tend to the flat metric as ε tends to
zero in C−1k (R
3) for any k ∈ N, and which are invariant under the parity
map ~x 7→ −~x. Since the ADM mass is continuous in this topology, we obtain
a family of metrics with ADM masses m(ε) covering a neighborhood of zero,
with vanishing momentum, angular momentum, and center of mass.
Let (M , 4g(ε)) denote the maximal globally hyperbolic vacuum devel-
opment of (R3, ϕ4(ε)g(ε),K), with K ≡ 0. By the Boost Theorem [13]
the spacetime (M , 4g(ε)) contains complete AE boosted hypersurfaces, the
ADM four-momentum p(ε) := (p0(ε), ~p(ε)) of which takes arbitrary values
satisfying (p0(ε))
2−|~p(ε)|2 = m2(ε). The usual transformation law of global
charges [20, Proposition E.1] shows that the resulting initial data sets, which
we denote by
(5.3)
(
R
3, g
(
p(ε)
)
,K
(
p(ε)
))
,
have vanishing center of mass and vanishing total angular momentum. The
metrics g(p(ε)) can be chosen to be parity-symmetric and the extrinsic cur-
vature tensors K(ε)) can be chosen to be parity-antisymmetric.
Let ηˆ ∈ R satisfy η < ηˆ < 1. Let θˆ be a compact neighborhood of the
set θ of (5.1) such that |~p| ≤ ηˆp0 for all (p0, ~p,~c, ~J) ∈ θˆ. Let θˆp denote
INTERIOR GLUINGS AND THE TRAUTMAN-BONDI MASS 13
the compact set of ADM four-momenta p := (p0, ~p) obtained by project-
ing the set θˆ on the four-momentum factor of R10. Restricting oneself to
boosted slices with p(ε) ∈ ǫθˆp, by the continuous-dependence-upon-initial-
data results of [11] one obtains a family of initial data sets (5.3) such that
(R3, g(p(ε)),K(ε)) tends to (R3, δ, 0) in C−1k ⊕ C−2k for any k ∈ N as either
ǫ or ε tends to zero.
Let ε1 be such that
(5.4)
(
Q ∈ θ , |Q−Q′| < 3ε1
)
=⇒ Q′ ∈ θˆ .
where |Q − Q′| is the Euclidean distance in R10. In other words, a 3ε1-
thickening of θ is included in θˆ. Let us write Qp(ε) for those Q ∈ ǫθˆ for
which p = p(ε); equivalently, which are of the form (p(ε),~c, ~J). For every
such Q we can carry-out the construction in [28] to obtain a vacuum initial
data set, which we denote by
(5.5)
(
R
3, g
(
Qp(ε)
)
,K
(
Qp(ε)
))
,
with the following properties: if we denote by Q′
p(ε) the Poincare´ charge of
the data set (5.5), then a)
(5.6) |Q′p(ε) −Qp(ε)| ≤ ε1 ,
and b) the projection of Q′
p(ε) on the four-momentum factor of R
10 is p(ε).
Here one should keep in mind that the construction in [28] is done in two
steps: In the first step one adds a correction to the initial data at a large
distance to approximately realize the charge Qp(ε). In the second step, based
on [27], one solves a suitable PDE to ensure that the vacuum equations are
satisfied. The distance from the origin to the region where the perturbation
of the first step is localised depends upon Qp(ε), but can be chosen to be
bounded independently of Qp(ε) in our context because of compactness of
θˆ. This implies that, for all k ∈ N, the C−1k ⊕ C−2k norm of the first-step
correction goes to zero as ε goes to zero. The fact that the C−1k ⊕ C−2k
norm of the second-step-correction goes to zero as well when ε tends to
zero is then a routine property of elliptic equations in weighted spaces (cf.,
e.g., [2, 9, 17]).
It remains to show that the collection of Poincare´ charges Q′
p(ε) so ob-
tained covers ǫθ for all ǫ small enough. This follows from [28, Lemma 5.2]
using (5.4) and (5.6).  
We can use the solutions above to fill-in vacuum initial data sets defined
on exterior regions:
Proposition 5.4. Let N ∋ ℓ ≥ 4, ε > 0, q > 1 and α ≥ 1/2. Let (g,K)
beW−αℓ,q -AE vacuum initial data set (as defined at the beginning of Section 4)
on the exterior of a ball in R3, which we denote by E, with time-like ADM
four-momentum (p0, ~p). For sufficiently large R, there is a vacuum initial
data set (g¯, K¯) on E so that on E ∩ {|~x| ≥ 2R} we have (g¯, K¯) = (g,K),
while on E ∩ {|~x| ≤ R} the initial data set (g¯, K¯) is identical to one of
the initial data sets of Proposition 5.1, point 1. If (p0 + δp0, ~p + δ~p) is the
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four-momentum of this last data set, then
(5.7) |δp0| < ε and |δ~p| < ε.
If, moreover, (4.3)-(4.5) hold, so that (g,K) has a well-defined center of
mass ~c and total angular momentum ~J , then the interior filling can be chosen
as in point 2 of Proposition 5.1, with
(5.8) |δ~c| < ε and |δ ~J | < ε.
Remark 5.5. The interior data sets are taken to be those of Proposi-
tion 5.1 for definiteness, keeping in mind that we seek an interior solution
with small relevant norms when (E, g,K) has small norm. One can construct
interior initial data set such that (5.7) holds by choosing as the family of
interior solutions any family of initial data sets smoothly parameterized by
ADM energy-momentum vectors belonging to a neighborhood of (p0, ~p). To
obtain (5.7)-(5.8) one can take as interior solutions any family of initial data
sets smoothly parameterized by Poincare´ charges belonging to a neighbor-
hood of the Poincare´ charge Q of (E, g,K).
While in this work we aim at a family of initial data on R3, it suffices
moreover that the “interior initial data” are defined on an annulus. In
particular the gluing can be done so that the interior metrics are members
of the Kerr family. 
Remark 5.6. Equations (5.9)-(5.10) below show that the hypothesis
that the decay rate α is equal to one, made in [19, Proposition 3.2], can be
replaced by α > 1/2 in weighted Ho¨lder spaces, or α ≥ 1/2 if using weighted
Sobolev spaces. 
Remark 5.7. We note that the gluing construction sketched below re-
quires the smoothing operators of [21] when 4 ≤ ℓ < 6. 
Proof. The proof is a repetition of that of [19, Proposition 3.2], with
the following minor changes arising because of different hypotheses and aims.
First, there we use the Kerr initial data outside and the data (E, g,K)
inside, while here (E, g,K) is outside while the family of initial data sets of
Proposition 5.1 is used inside. This change plays no role in the argument.
Next, because of the different fall-off hypotheses, in the notation of [19],
Equation (10) there is replaced now by
R
∫
{|~x|=1}
∑
j,k
(KRjk − (KR)ℓℓgRjk)Y ji νkdσe(5.9)
= R−1
∫
{r=R}
∑
j,k
(Kjk −Kℓℓgjk)Y ji νkdσe = O(R1−2α) .
Here, replacing α by a smaller number if necessary, we have assumed that
α < 1. Similarly, [19, Equation (11)] is replaced by
(5.10)
R
∫
{|~x|=1}
[∑
i,j
xℓ (gij,i − gii,j) νj −
∑
i
(
gikδ
kℓνi − giiνℓ
)]
dσe = O(R
1−2α) .
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These estimates are obtained by straightforward adaptations of the argu-
ment following [19, Equation (11)]. The remaining arguments in [19] remain
unchanged.  
6. Existence of future-complete null hypersurfaces
In this section we prove the “future-complete-null-hypersurfaces theo-
rem” for a large class of AE initial data. We assume that the initial data
have well-defined center-of-mass and angular-momentum integrals. The gen-
eral case will be settled in [18].
Theorem 6.1. Let (S , g,K) be an H−αℓ -AE initial data set with α ≥
1/2, ℓ ≥ 4, and timelike four-momentum. Assume that (S , g,K) is vacuum
for sufficiently large distances, and that (4.3)-(4.5) hold so that the center
of mass and the angular momentum of (S , g,K) are well defined. Then the
maximal globally hyperbolic development of (S , g,K) contains a retarded
foliation near i0.
Proof. For all ε sufficiently small, consider the initial data
(R3 \B(2), gε,Kε)
obtained by scaling-down the complement of a coordinate ball of radius 2/ε
in an asymptotically Euclidean end of (S , g,K) defined, in local coordinates
on R3 \B(2), as
gεij(~x) := gij(~x/ε) = δij + ε
−αo(|~x|−α) ,(6.1)
Kεij(~x) := Kij(~x/ε) = ε
−α−1o(|~x|−α−1) .(6.2)
Since (S , g,K) has well defined center of mass and total angular mo-
mentum by hypothesis, Proposition 5.4 shows that for all ε small enough
the data (R3 \ B(2), gε,Kε) can be extended, by gluing, to a vacuum data
set (R3, gˆε, Kˆε) with small weighted Sobolev norms as in point 2 of Propo-
sition 5.1. Making ε smaller if necessary, the vacuum solution, say (M , 4gε)
associated with the glued initial data set will exist globally by Theorem 2.2.
Uniqueness of solutions within domains of dependence guarantees that the
space-time metric in the domain of dependence of (R3 \B(4/ε), g,K) within
the space-time (M , 4g) obtained by evolving (S , g,K) will, after a constant
rescaling of the space-time metric, be isometric to the domain of dependence
of (R3, gˆε, Kˆε) within (M ,
4gε). The result readily follows. 
7. The density argument
Consider a globally hyperbolic space-time (M , 4g) containing a family of
outgoing null hypersurfaces Nu defined for all u ∈ (−∞, u0] for some u0 ∈ R.
We suppose that those hypersurfaces have a well defined Trautman-Bondi
mass m(u) <∞ and that for all u1 ≤ u2 ≤ u0 the mass-loss formula
(7.1) m(u2) = m(u1)−
∫ u2
u1
∫
S2
|N |2dµ0du
holds, where |N |2 is the norm of the shear tensor, and dµ0 is the canonical
measure on S2.
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We note that a version of (7.1) has been proved for the small-data space-
times of Christodoulou and Klainerman, where m(u) is the limit of the
Hawking mass of a specific family of spheres constructed in [12]. Klainerman
and Nicolo` [29, Section 8.5] proved a similar result under the same restrictive
hypotheses on the asymptotics of the initial data as in [12] but without
smallness restrictions. By an abuse of terminology we will continue to call
m(u) the Trautman-Bondi mass in those contexts though, as already pointed
out, the possibility of performing the steps needed for Bondi’s construction
of his mass in the category of space-times considered by [12] is far from clear.
One would like to prove that the limit
(7.2) mtotal := lim
u→−∞
m(u)
exists in R, and equals the ADM mass under rather general conditions. Such
a result has been proved in [29, Theorem 8.5.2] for the class of space-times
with initial data as in Definition 2.3. The existence of the limit (7.2) has
previously been established in [12], where mtotal has been called the total
mass, without relating mtotal to the ADM mass.
Here we wish to point-out a density argument which would establish
the equality of the total mass with the ADM mass under rather general
conditions. As a first step towards this, we note the following elementary
consequence of (7.1):
Proposition 7.1. The limit (7.2) exists in R ∪ {∞}. We have
(7.3) mtotal <∞ ⇐⇒
∫ u0
−∞
∫
S2
|N |2dµ0du <∞ .
If either of the two inequalities in (7.3) is satisfied it holds that for all u ≤ u0
(7.4) m(u) = mtotal −
∫ u
−∞
∫
S2
|N |2dµ0du .
Proof. The result is obtained by passing to the limit u1 → −∞ in
(7.1), using the monotone convergence theorem. 
To continue, let (M , 4g) evolve from an initial data (S , g,K) contain-
ing an asymptotically Euclidean end. For definiteness we assume that the
data satisfy the vacuum constraint equations at sufficiently large distances.
By [20, 27] there exists a sequence of initial data sets (S , gn,Kn) which sat-
isfy the Klainerman-Nicolo` conditions so that (gn,Kn) converges to (g,K),
with mn tending to the ADM mass m of (S , g,K) as n tends to infinity.
We have:
Proposition 7.2. Assume that the convergence of (gn,Kn) to (g,K) is
such that we also have
(1) Nn tends to N in L
2((−∞, u0]× S2), and
(2) mn(u) tends pointwise to m(u).
Then the limit mtotal = limu→−∞m(u) exists, is finite, and equals the ADM
mass m of (S , g,K).
Proof. By [29, Section 8.5] it holds that
(7.5) mn(u2) = mn(u1)−
∫ u2
u1
∫
S2
|Nn|2dµ0du .
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Sincemn(u1) tends to the (finite) ADMmassmn as u tends to minus infinity,
by Proposition 7.1 we have, for all u ≤ u0,
(7.6) mn(u) = mn −
∫ u
−∞
∫
S2
|Nn|2dµ0du .
Passing to the limit n→∞ gives
(7.7) m(u) = lim
n→∞
mn(u) = lim
n→∞
mn︸ ︷︷ ︸
=m
−
∫ u
−∞
∫
S2
|N |2dµ0du .
Passing with u to −∞ gives mtotal ≡ limu→−∞m(u) = m, as desired. 
We expect the hypotheses of Proposition 7.2 to be satisfied for a large
class of space-times. It would be of interest to prove precise statements to
this effect.
8. The Trautman-Bondi mass in space-times with small slowly
decaying initial data
It is a non-trivial fact that the mass in the radiation regime for space-
times as in Theorem 2.2 can be defined by taking the limit, when receding
to infinity in null directions, of the Hawking mass of suitable spheres. The
proof of this requires the resolution of a certain amount of technical issues,
which will be done in another paper [4]. The main difficulties arise from the
borderline exponents 1/2 and 3/2 in (2.2). We note that one can also show
that both the 1
r
and 1
r2
components of the Riemann tensor have a finite limit
at null infinity with the borderline exponents.
It turns out that things become much simpler if decay rates larger than
the 1/2 and 3/2 thresholds are assumed. This is the situation that will be
discussed in this section.
We thus consider initial data of slightly stronger decay than in [5, 6]:
we will assume that there exists a coordinate system (x1, x2, x3) outside of
a ball and a constant α˜ > 0 such that
gij = δij +OH3(r
− 1
2
−α˜)(8.1)
Kij = OH2(r
− 3
2
−α˜) .(8.2)
Clearly Theorem 2.2 still applies for such data provided they are sufficiently
small. However, we can use the extra α˜-decay in r to say more about the
solutions. Theorem 2.2 holds with the change that our new Q is slightly
modified from the definition in (2.3) by setting:
Q(a, x(0)) = a
−1
∫
S 30
(
(a2 + d20)
α˜|K|2(8.3)
+ (a2 + d20)
1+α˜|∇K|2 + (a2 + d20)2+α˜ |∇2K|2
+ (a2 + d20)
1+α˜|Ric|2 + (a2 + d20)2+α˜|∇Ric|2
)
dµg .
Let infa,x(0) Q(a, x(0)) denote the infimum over all choices of origin x(0) and
all a. Then we consider asymptotically flat initial data sets with complete
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metric g¯ and such that there exists a small positive ǫ1 such that
(8.4) inf
a,x(0)
Q(a, x(0)) < ǫ1 .
It follows from our results below that the behavior of the null asymptotics
of these spacetimes is largely independent from the smallness assumptions.
Thus, the corresponding null asymptotics remains valid for spacetimes with
large data. This is also true for the solutions constructed by Christodoulou-
Klainerman in [12] and for the ones by the first present author in [5, 6].
Let us introduce the foliation and its corresponding geometry that we
will work with in this section. Denote by (M , 4g) the vacuum spacetime
evolving from a set of initial data (S , g,K) satisfying (8.1)-(8.2), with a
small ǫ1 in (8.4). This ǫ1 has to be suitably small depending on other quan-
tities in order to close the proof, which consists of a bootstrap argument. In
this argument we estimate quantities at times t by their values in the initial
hypersurface S0, which are controlled by ǫ1. The bootstrap assumptions
in the spacetime slab require the considered quantities to be smaller than
a small positive ǫ0. By choosing ǫ1 sufficiently small, these quantities will
indeed become strictly smaller than ǫ0.
We choose to work with a maximal time function t which foliates our
spacetime into the t-level-sets which are maximal spacelike hypersurfaces
St. This means that the trace of the second fundamental form of each St
is zero. The spacetime (M , 4g) is further foliated by a function u yielding
as level sets the null hypersurfaces Nu. The intersections
St,u = St ∩Nu
are two-dimensional compact Riemannian manifolds. Consider a null frame
(f1, f2, f3, f4) with f4 and f3 denoting future-directed null vectors where f4
is tangent to Nu as well as
(8.5) g(f4, f3) = −2 ,
and an orthonormal frame f1, f2 on St,u. The following scaling is useful in
some arguments:
(f3, f4) 7→ (a−1f3, af4) , a > 0 .
We call r = r(t, u) the area radius of St,u, namely
r(t, u) =
√
area(St,u)
4π
.
Define
τ2− := 1 + u
2 .
The time vector field T is defined as T = 12 (f3+f4), whereas N =
1
2(f4−f3)
is the outward normal to St,u in St.
Under the above assumptions, with respect to the foliation just intro-
duced, a suitably tweaked version of the bootstrap arguments of [5, 6] shows
that the curvature components and main Ricci coefficients have the following
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behavior:
RA3B3 = αAB = O(r
−1τ
− 3
2
−α˜
− ) ,(8.6)
RA334 = 2 βA = O(r
−2τ
− 1
2
−α˜
− ) ,(8.7)
R3434 = 4 ρ = O(r
− 5
2 ) ,(8.8)
∗R3434 = 4 σ = O(r
− 5
2 τ−α˜− ) ,(8.9)
RA434 = 2 βA = o(r
− 5
2
−α˜) ,(8.10)
RA4B4 = αAB = o(r
− 5
2
−α˜) ,(8.11)
ρ− ρ = O(r− 52 τ−α˜− ) ,(8.12)
σ − σ = O(r− 52 τ−α˜− ) .(8.13)
Let {Ss} denote the affine foliation of N , with s the affine parameter func-
tion and L the generating geodesic vector field of N . Let L be the inward
null normal. For p ∈ S and X,Y ∈ TpS we define the second fundamental
forms as
n(X,Y ) = g(DXL, Y ) ,(8.14)
n(X,Y ) = g(DXL, Y ) .(8.15)
(Note that n and n are denoted by χ and by χ in [12].) We define the shears
to be the traceless parts nˆ respectively nˆ of the null second fundamental
forms in (8.14)- (8.15).
The shears behave as
nˆ = O(r−
3
2 τ−α˜− ) , nˆ = O(r
−1τ
− 1
2
−α˜
− )
The torsion
tA :=
1
2
g(DAL,L)
(denoted by ζA in [12]) is of the order O(r
− 3
2 τ−α˜− ).
The second fundamental form K of the level sets of t has the following
components: KAB = ηAB, KAN = ǫA, KNN = δ.
We need some more notation. Let V be a vector field tangent to S.
Then we define the following norms on S:
‖ V ‖p,S (t, u) =
( ∫
St,u
| V |p dµγ
) 1
p
, for 1 ≤ p <∞ ,(8.16)
= sup
St,u
| V | , for p = ∞ .
Let r0(t) be the value of r corresponding to the area of St,0, the surface
of intersection between N0 and St, moreover u1(t) is the value of u cor-
responding to r0(t)/2. We introduce the interior and the exterior regions
of each hypersurface St. The interior region I, denoted by S
i
t , consists of
those points in St for which
r ≤ r0(t)
2
.
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The exterior region U , denoted by S et , is defined as the collection of points
in St for which
r ≥ r0(t)
2
.
Now, we introduce
‖ V ‖p,i =
( ∫
S it
| V |p
) 1
p
, for 1 ≤ p <∞ ,(8.17)
‖ V ‖∞,i = sup
S it
| V | ,(8.18)
‖ V ‖p,e (t) =
( ∫
S et
| V |p
) 1
p
, for 1 ≤ p <∞ ,(8.19)
‖ V ‖∞,e (t) = sup
S et
| V | .(8.20)
We will see that each tensor behaves uniformly in the interior region, thus
no specific properties of the components, whereas in the exterior region
the components have different behavior. If we denote by ∇/ the intrinsic
covariant derivative in St,u, then the following norms are controlled by small
quantities:
r1+α˜+q0 ‖ Dq W ‖2,i ,(8.21)
‖ τ1+α˜− rq∇/ qα ‖2,e ,(8.22)
‖ r1+α˜+q∇/ qα ‖2,e ,(8.23)
‖ τ α˜−rq+1∇/ qβ ‖2,e ,(8.24)
‖ r1+α˜+q∇/ qβ ‖2,e(8.25)
‖ τ α˜−rq+1∇/ q(ρ− ρ) ‖2,e ,(8.26)
‖ τ α˜−rq+1∇/ q(σ − σ) ‖2,e ,(8.27)
r
1+α˜+q− 2
p
0 ‖ Dqk ‖p,i ,(8.28)
‖ τ α˜−r(
3
2
− 3
p
+q) ∇/ qδ ‖p,e ,(8.29)
‖ τ α˜−r(
3
2
− 3
p
+q) ∇/ qǫ ‖p,e ,(8.30)
‖ τ α˜−r(
3
2
− 3
p
+q) ∇/ qnˆ ‖p,e ,(8.31)
‖ τ α˜−rq ∇/ q(tr n− tr n) ‖2,e ,(8.32)
‖ τ α˜−rq ∇/ qnˆ ‖2,e ,(8.33)
‖ τ α˜−rq ∇/ qt ‖2,e .(8.34)
The corresponding norms are of course controlled as well on the null hy-
persurfaces Nu. We have only listed the norms relevant in the following
sections. For more details see [4].
8.1. Null Asymptotics. By a straightforward modification of the proof
in [5, 6], where now we assume a slightly stronger decay in r respectively
u to the negative power of small, positive α˜, we derive the following as-
ymptotic structures at future null infinity. On any null hypersurface Nu let
INTERIOR GLUINGS AND THE TRAUTMAN-BONDI MASS 21
t→∞. Thereby we compute the normalized curvature components rα and
r2β. Note that the corresponding limits for α and β are zero. Thus, we have
lim
Nu,t→∞
rα = A(u, ·) ,(8.35)
lim
Nu,t→∞
r2β = B(u, ·) ,(8.36)
with
|A(u, ·)| ≤ c(1 + |u|)− 32−α˜ ,(8.37)
|B(u, ·)| ≤ c(1 + |u|)− 12−α˜ ,(8.38)
where | · | denotes the pointwise norm of the corresponding tensor on S2
with respect to the standard metric on S2.
For completeness we list the key equations on which the derivation of
the Bondi mass relies, from [5, 6]. We refer to these works for details. The
null Codazzi equations read
div nˆ − 1
2
d trn + nˆ · t − 1
2
tr n · t = −β ,(8.39)
div nˆ − 1
2
d trn − nˆ · t + 1
2
tr n · t = β .(8.40)
The torsion t obeys the system of equations
curl t = σ − 1
2
nˆ ∧ nˆ ,(8.41)
div t = −µ − ρ + 1
2
nˆ · nˆ .(8.42)
The mass aspect functions µ and µ are defined as
µ = K +
1
4
trn trn − div t ,(8.43)
µ = K +
1
4
trn trn + div t .(8.44)
with K the Gauss curvature of St,u and the Gauss equation
(8.45) K +
1
4
trn trn − 1
2
nˆ · nˆ = −ρ .
Let l = a−1(T +N) and l = a(T −N). Also note that
dr
ds
=
r
2
trn .
Using the propagation equation for nˆ one finds:
Proposition 8.1. On the null hypersurface N the limit
lim
Nu,t→∞
rnˆ = N(u, ·)
exists, with
|N(u, ·)|γ ≤ c(1 + |u|)−
1
2
−α˜ .
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8.2. The mass. Let us sketch the proof, that in the more general set-
ting of spacetimes resulting from initial data as in (8.1)-(8.2), with the small-
ness condition (8.4), the Trautman-Bondi mass m(u) for each null hyper-
surface Nu is well-defined and finite. In [5, 6] the asymptotic behaviour in
null directions is derived in a slightly more general setting. We use these
results to establish Theorem 8.2 below. Indeed, the situation investigated
in [5, 6] features different asymptotics due to the slow decay of the data.
In particular, the usual peeling of the Weyl tensor is only established in
two components. However, there is enough structure at null infinity for the
Bondi mass to have the desired properties.
Starting with formula (3.18) for the Trautman-Bondi mass, where µ
is the mass aspect function, we derive the corresponding formula for the
situation with small data (8.1)-(8.2). It is proved in [5, 6] that the limit
(8.46) lim
Nu,t→∞
r3µ = µL
exists, and of course depends on u and the angular variables. Then the
Trautman-Bondi mass m(u) is defined as
(8.47) m(u) =
1
8π
∫
S2
µLdAS2
with dAS2 denoting the area element of S
2. In [5, 6] the following propaga-
tion equation for µ is derived:
(8.48)
∂µ
∂s
+
3
2
tr nµ = −1
4
trn|nˆ|2 + 1
2
trn|t|2 + 2div n · t+ nˆ · ∇⊗ˆt .
Thus we have:
(8.49)
∂µ
∂t
= aφ(−1
4
trn|nˆ|2 + 1
2
trn|t|2 + 2divn · t+ nˆ · ∇⊗ˆt) .
Here the function a is the lapse function of the u-foliation,
a = |du|−1 ,
where the norm is taken with respect to the metric induced on the spacelike
hypersurfaces St.
With the supplementary control on weighted Lp norms on St,u of the
right-hand side we gain control on r3‖− µ ‖− Lp(St,u). Here the dimensionless
Lp-norms on the surface Ss, for p ≥ 2 is defined as:
‖− µ(s) ‖− Lp(S) =
( 1
A(Ss)
∫
Ss
| µ |pγ dµγ
) 1
p = (4πr2)
− 1
p ‖ µ ‖Lp(Ss,γ) .
Let us sketch the proof that the Trautman-Bondi mass m(u) tends to a
limit mtotal as u→ −∞. In our notation, we write the Hawking mass as
(8.50) mH(t, u) =
r
2
(
1 +
1
16π
∫
St,u
trn · trn) .
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Using equations (8.44)-(8.45) and the Gauss-Bonnet formula, we find∫
St,u
µ =
∫
St,u
(
1
2
n̂ · n̂− ρ (W ))
)
(8.51)
= 4π
(
1 +
1
16π
∫
St,u
trn · trn
)
=
8π
r
mH ,
∂
∂t
mH (t, u) = − r
16π
∫
St,u
(
aφtrn− φatrn)µ(8.52)
+
r
8π
∫
St,u
aφ
(
1
2
trn |t|2 − 1
4
trn |n̂|2
)
.
We observe that K + 14tr n · trn, and therefore µ, has the same decay
properties in r as in [5, 6]. However, in the present situation there is more
decay in τ−. The results of [5, 6] yield that mH (t, u) has a finite limit as
t→∞ on each fixed Nu:
(8.53) lim
Nu,t→∞
mH(t, u) = m(u) .
The precise estimate for the supplementary decay in τ− is obtained as fol-
lows:
−
∫ ∞
0
r
16π
∫
St,u
(
aφtrn− φatrn)µ(8.54)
+
∫ ∞
0
r
8π
∫
St,u
aφ
(
1
2
trn |t|2 − 1
4
trn |n̂|2
)
≤ c
{
−
∫
Nu
a
r
16π
(
aφtrn− φatrn)µ
+
∫
Nu
r
8π
a2φ
(
1
2
trn |t|2 − 1
4
trn |n̂|2
)}
≤ cτ−α˜− ‖ rtrn ‖∞,Nu‖ r
1
2 t ‖L2([0,t∗],L4(St,u))
+ cτ−α˜− ‖ rtrn ‖∞,Nu‖ r
1
2 nˆ ‖L2([0,t∗],L4(St,u))
+ cτ−α˜− ‖ r
1
2 | trn− trn |‖L2([0,t∗],L4(St,u)) × ‖ r3µ ‖L2([0,t∗],L4(St,u)) .
Note that the boundedness of the terms on the right hand side does not
depend on their behavior in u, but only on their decay properties in r. For
the terms under consideration, the latter coincide with the situation in [5, 6]
and thus the terms on the right hand side of (8.54) can be bounded using
the results there.
Next, we have
(8.55)
∂
∂u
mH (t, u) =
1
2
atr θm+
r
32π
∫
St,u
a
(∇Nµ+ tr θµ) .
The integral on the right-hand side of this equation is finite for the type
of data that we are investigating here due to the extra α˜-decay in u of µ.
Using the results in [5], this integral can still be proved to be bounded when
α˜ = 0, but this requires much more work.
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Recall that l = a−1 (T +N) and l = a (T −N). Then it follows that
∇Nµ+ tr θµ = 1
2
a2
(
D4µ+ tr nµ
)− 1
2
(
D3µ+ tr nµ
)
,
and
D4µ+ trnµ = O(r
− 7
2 ) ,
D3µ+ trnµ = −1
4
trn |n̂|2 +O(r− 72 ) .
Hence,
∂
∂u
mH (t, u) =
r
64π
∫
St,u
trn |n̂|2 +O
(
r−
1
2
)
.
The following has been proved in [6]: (1) the metric γ˜ = φ∗t,u
(
r−2γ
)
converges to the standard metric
◦
γ of the unit sphere S2 as t → ∞ for
each u (φ∗t,u is a diffeomorphism from S
2 to St,u), (2)
r
2trn converges to 1,
and (3) rn̂ converges to −2Ξ. Moreover, the limit of the derivative of the
local quantity on the left hand side in the previous formula is indeed the
derivative of the Bondi mass in (8.56). Using this one obtains the following
Bondi-mass-loss-type formula:
(8.56)
∂
∂u
m (u) =
1
8π
∫
S2
|N(u, ·)|2 dµ◦
γ
.
(In our context the property, that the derivative of the limit is the limit of
the derivative, is non-trivial but was essentially resolved in [12], beginning
of chapter 17, in particular see p. 493 (17.0.1), and p. 494.)
From the results of Proposition 8.1 on N(u, ·) it is clear that the right
hand side of (8.56) is integrable in u. As it is also positive, the Trautman-
Bondi mass m(u) is a non-increasing function of u taking values from its
finite limit mtotal as u → −∞ to its finite limit m0 as u → ∞. Thus, it
is 0 ≤ m0 ≤ mtotal, where the first inequality is due to the positive mass
theorem. If the spacetime was constructed under smallness assumptions on
the initial data such as in the works of [12] or [5, 6], one can show that
m0 = 0, thus all the mass would be radiated away. This can be seen from
equation (8.51): We take the limit for fixed u as t→∞ and use the results
on the null asymptotic behavior of the involved quantities. It then follows
from the smallness assumptions on the data in the works just cited that
m0 = 0. However, in general without such smallness assumptions this m0 is
the mass left in the system after radiation.
The above discussion can be summarised as:
Theorem 8.2. For spacetimes resulting from evolved initial data as in
our (8.1)-(8.2) and under our assumptions (8.4) the following holds:
(a) The Hawking mass mH(t, u) tends to the Trautman-Bondi mass
m(u) on each Nu:
lim
Nu,t→∞
mH(t, u) = m(u) .
(b) The Bondi mass loss formula holds
∂
∂u
m (u) =
1
8π
∫
S2
|N(u, ·)|2 dµ◦
γ
.
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(c) The Trautman-Bondi mass m(u) tends to a limit mtotal as u →
−∞.
The last statement follows from the above and the monotone convergence
theorem.
We finally note [4]:
Theorem 8.3. The total mass mtotal of Theorem 8.2 equals the ADM
mass.
Appendix A. Notations
For α ∈ R and k ∈ N we define
Cαk := {u ∈ Ck(R3) such that
for 0 ≤ ℓ ≤ k we have sup
R3
|∇ℓu|(1 + r)−α <∞} ,(A.1)
with the obvious norm. Here |∇ℓu| is the Euclidean norm of the tensor of
covariant derivatives with respect to the flat metric δ of a tensor u, with
r = |~x|.
Given an open set Ω ⊂ Rn, for p ≥ 1, α ∈ R and k ∈ N we set
Wαk,p(Ω) :=
{
the completion of C∞0 (Ω) with respect to(A.2)
‖u‖pWα
k,p
:=
∑
0≤ℓ≤k
∫
Ω
(1 + |~x|)−pα−n|∇ℓu|pδ dnx
}
.
We write Wαk,p when Ω = R
n or is otherwise obvious from the context. For
ℓ < k − n/p we have the compact inclusion Wαk,p ⊂ Cαℓ and in fact for large
r ≡ |~x| it holds that (cf., e.g., [2])
(A.3) u ∈Wαk,p , ℓ < k − n/p =⇒ |∇ℓu| = o(rα) .
We set
(A.4) Hαk :=W
α
k,2 .
We shall write
(A.5) u = OHk(r
α)
if the norm ‖u‖Hα
k
of the tensor field u is finite. With this notation, the
implication (A.3) with p = 2 can be rewritten as
(A.6) u = OHk(r
α) , k > ℓ+ n/2 =⇒ |∇ℓu| = o(rα) .
Appendix B. Boosting Schwarzschild
Consider the Schwarzschild metric with mass m, which we denote by
4gm, in isotropic coordinates,
(B.1) 4gm = −A(s)dt2 +B(s)(dx2 + dy2 + dz2) ,
where
(B.2)
s :=
m
r
, A(s) =
(
1− s2
1 + s2
)2
≈ 1− 2s , B(s) =
(
1 +
s
2
)4
≈ 1 + 2s .
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Let us introduce new coordinates (t, x, y, z) defined as
(B.3) t = γ(t− vz) , x = x , y = y , z = γ(z − vt) ,
where γ is the usual boost factor in units where c = 1, γ−2 := 1 − v2. In
these coordinates the metric becomes
4gm = −γ2(A− v2B)dt2 + 2vγ2(A−B)dtdz +B(dx2 + dy2) + γ2(B − v2A)dz2
= −(1− 2γ2(1 + v2)s+O(s2))dt2 − 8vγ2s(1 +O(s))dtdz
+
(
1 + 2s+O(s2)
)
(dx2 + dy2) +
(
1 + 2γ2(1 + v2)s+O(s2)
)
dz2 .(B.4)
Here all the error terms O(si) are smooth functions of s near s = 0, and of
course
(B.5) s =
m
r
=
m√
x2 + y2 + γ2(z − vt)2
.
Let n = nµ∂µ = n
t∂t + n
z∂z denote the future-directed unit normal to the
level sets of t, thus
(B.6) 0 = nz = gztn
t+gzzn
z =⇒ n = (1+O(s))∂t−4vγ2s(1+O(s))∂z .
The extrinsic curvature tensor, which we denote by Kp, of the level set t = 0
therefore reads
Kp = Lngijdx
idxj =
(
nµ∂µgij + ∂in
µgjµ + ∂jn
µgiµ
)
dxidxj(B.7)
=
(
nt∂sgij
∂s
∂t
+ ∂in
zδjz + ∂jn
zδiz + r
−2O(s)
)
dxidxj
=
(
∂sgij
∂s
∂t
+ r−2O(s)
)
dxidxj + 2∂sn
z ∂s
∂xi
dxidz
=
2mγ2vz
r3
(
dx2 + dy2 + γ2(1 + v2)dz2
)
−8vγ2m
r3
(xdx+ ydy + γ2zdz)dz + r−2O(s)dxidxj .
Let gp denote the metric induced on the level sets of t, and let (gp,~a,Kp,~a
be the Riemannian metric and the extrinsic curvature tensor obtained by
applying a translation by a vector −~a to (gp,Kp). Setting
s~a ≡
m
r~a
:=
m√
(x− a1)2 + (y − a2)2 + γ2(z − a3)2
,
we find
gp,~a =
(
1 + 2s~a +O(s
2
~a)
)
(dx2 + dy2)(B.8)
+
(
1 + 2γ2(1 + v2)s~a +O(s
2
~a)
)
dz2 ,
Kp,~a =
2mγ2v(z − a3)
r3
~a
(
dx2 + dy2 + γ2(1 + v2)dz2
)
(B.9)
−8vγ2m
r3
~a
(
(x− a1)dx+ (y − a2)dy + γ2(z − a3)dz
)
dz
+r−2
~a
O(s~a)dx
idxj .
We note that at t the metric is even and the extrinsic curvature tensor is
odd.
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